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LOCALLY REMOVABLE SINGULARITIES FOR KA¨HLER
METRICS WITH CONSTANT HOLOMORPHIC SECTIONAL
CURVATURE
SI-EN GONG, HONGYI LIU, AND BIN XU
Abstract. Let n ≥ 2 be an integer, and Bn ⊂ Cn the unit ball. Let
K ⊂ Bn be a compact subset such that Bn \ K is connected, or K = {z =
(z1, · · · , zn)|z1 = z2 = 0} ⊂ Cn. By the theory of developing maps, we prove
that a Ka¨hler metric on Bn \K with constant holomorphic sectional curvature
uniquely extends to Bn.
1. Introduction
Recently, there is a growing interest in the research of metrics with singular-
ities. Donaldson[Don12], Li and Sun[LS14] investigated Ka¨hler-Einstein metrics
with cone singularities along a divisor on a Ka¨hler manifold. There is also a
lot of research on metrics with singularities on Riemann surfaces. For example,
Nitsch[Nit57], Heins[Hei62] and Yamada[Yam88] proved that an isolated singu-
larity of a hyperbolic metric is either a conical singularity or a cusp one, and
Heins[Hei62], Mcowen[McO88] and Troyanov[Tro91] independently gave a neces-
sary and sufficient condition for the existence of a unique hyperbolic metric, which
has the prescribed conical or cusp singularities, on a compact Riemann surface.
Among all the research on singular metrics on Riemann surfaces, developing maps,
due to [Bry87, UY00, Ere04], prove to be a very useful tool. By considering the
monodromy of developing maps in [CWWX15], Chen and coauthors constructed a
new class of cone spherical metrics. Later, in [FSX19], Feng, Shi and Xu gave the
explicit models of hyperbolic metrics near isolated singularities through developing
maps, based on the related results mentioned above.
In this paper, we try to generalize the theory of developing maps to the case
when dimension is larger than one. We hope that developing maps will still be
a powerful tool in higher dimension. We aim to investigate metrics of constant
holomorphic sectional curvature with cone singularities along a divisor. However,
it is natural to ask first what will happen if the singularities are along a subvariety
whose codimension is not one. We found that in this case the singularities are
actually removable locally. Without loss of generality, we can consider the unit ball
Bn in Cn for convenience. In the hyperbolic and flat cases, we used the technique
similar to that in [SV06], which proves a simply connected complete Ka¨hler manifold
whose holomorphic sectional curvature is constant negative outside a compact set
is biholomorphic to the unit ball. In the elliptic case, we applied an extension
theorem in [Iva84] to the developing map. In conclusion, by showing the existence
of the developing map and extending it to the whole manifold, we get:
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Theorem 1.1. Let n ≥ 2 be an integer, Bn := {(z1, · · · , zn) ∈ Cn|
∑n
i=1 |zi|2 < 1}.
Let K ⊂ Bn be a compact subset such that Bn \K is connected. M = Bn \K is
endowed with a Ka¨hler metric g with constant holomorphic sectional curvature.
Then g uniquely extends to a Ka¨hler metric with constant holomorphic sectional
curvature on Bn.
Theorem 1.2. Let n ≥ 2 be an integer, Bn := {(z1, · · · , zn) ∈ Cn|
∑n
i=1 |zi|2 < 1}.
M := Bn \ {(z1, · · · , zn)|z1 = z2 = 0} is endowed with a Ka¨hler metric, g, with
constant holomorphic sectional curvature. Then g uniquely extends to a Ka¨hler
metric with constant holomorphic sectional curvature on Bn.
Corollary 1.3. Let N be an analytic subvariety of codimension larger than 1. Then
a Ka¨hler metric with constant holomorphic sectional curvature on M \ N extends
to M . In particular, if we let N be a single point, then N is a removable singularity
of the Ka¨hler metric.
Remark 1.4. The similar statements do not hold in the real case. It turns out
that a Riemannian metric g of constant sectional curvature on Bn \ {0}(n > 2) can
have an isolated singularity, where Bn := {x ∈ Rn : |x| < 1} is a real unit ball
here. We will discuss it in detail in Section 4.
Remark 1.5. We want to mention an example of a Ka¨hler-Einstein metric on
B2 \ {0} that is singular at 0 and does not extend to B2. To construct such an
example, we begin with the Del Pezzo surface X which is obatained by blowing up
three points, p1, p2, p3 ∈ CP 2, in general position. We denote by E the exception
divisor in X . Then X\E is isomorphic to CP 2 \ {p1, p2, p3} as quasi-projective
varieties. Yum-Tong Siu [Siu88] proves that there exists a smooth Ka¨hler-Einstein
metric g on X . We could look at the restriction of g to X\E as a Ka¨hler-Einstein
metric on CP 2 \ {p1, p2, p3}, denoted by g0. Finally we claim that g0 does not
extend to CP 2, i.e. there exists pj with 1 ≤ j ≤ 3 such that the restriction of g0
to a punctured ball B2\{pj} centered at pj does not extend to B2. Otherwise, by
the uniqueness of the Ka¨hler-Einstein metric on CP 2, g0 must be the Fubini-Study
metric up to a scaling, hence have constant holomorphic sectional curvature. It
follows that g0 is of constant holomorphic sectional curvature. By the smoothness
of the original metric g on X , g also has constant holomorphic sectional curvature.
By the compactness and simply connected property of X , X should be the space
form, which is a contradiction.
We explain the organization of this paper. In Section 2, we introduce some
preliminaries. Most of the discussion in Section 2 is devoted to the existence of
the developing map on a Ka¨hler manifold with constant holomorphic sectional
curvature. In the rest of Section 2, we state the classical Hartogs extension theorem
andWeierstrass preparation theorem, which are used in the proof of the main result.
In Section 3, using the developing map, we prove Theorem 1.1 and 1.2. Finally, in
Section 4, we discuss the possible further research on this topic.
2. Preliminaries
2.1. Cartan-Ambrose-Hicks Theorem. Cartan-Ambrose-Hicks Theorem is a
classical theorem in Riemannian Geometry ([CE08]). In this section, we recall
its generalization on Ka¨hler manifolds ([Zhe01]). This will be the start point of the
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developing map. For the convenience of readers, we provide some details for the
proof of the theorems.
Let (M, g) and (M
′
, g
′
) be two n-dimensional Riemannian manifolds . Fix points
p ∈ M , p′ ∈ M ′ . Let I : TpM → Tp′M
′
be an isometry. Take r > 0 sufficiently
small such that Br(p) and Br(p
′
) can be endowed with geodesic normal coordinates.
Define the diffeomorphism ϕ = expp′ ◦I ◦ exp−1p : Br(p) → Br(p
′
). Let Pγ denote
the parallel transport along a curve γ on a Riemannian manifold, and R, R
′
the
curvature tensors of M and M
′
, respectively.
For a geodesic γ : [0, 1] → Br(p) with γ(0) = p, write γ′ := ϕ(γ), and set
Iγ := Pγ′ ◦ I ◦ P−γ . The following figure illustrates the definitions of Iγ and ϕ:
p
γ
p
′
:= ϕ(p)
γ
′
:= ϕ(γ)
γ(1)
= expp(w)
γ
′
(1) = expp′ (w
′
)v ∈ Tγ(1)M
P−γ(v)
P−γ
I
I(P−γ(v))
Pγ′
Iγ Iγ(v)
w w
′
=
:
I(w)
ϕ
Let ∇ be the Levi-Civita connection on a Riemannian manifold (M, g). Recall that
the curvature tensor R(·, ·)· on M is defined by
R(X,Y )Z := −∇X∇Y Z +∇Y∇XZ +∇[X,Y ]Z
for arbitrary p on M and X,Y and Z ∈ TpM . Then we have:
Lemma 2.1. ([CE08, p.37, Lemma 1.35]) Let (M, g) and (M
′
, g
′
) be two Riemann-
ian manifolds. Use the notations defined above. If for all geodesics γ : [0, 1]→ Br(p)
with γ(0) = p and any X,Y, Z ∈ Tγ(1)M , there holds
Iγ(R(X,Y )Z) = R
′
(Iγ(X), Iγ(Y ))Iγ(Z),
then ϕ is an isometry and dϕγ(1) = Iγ .
This local property has its Ka¨hler version. Before stating the proposition, we
shall recall the concept of holomorphic sectional curvature. It is well known that
the Riemann curvature tensor Rm(·, ·, ·, ·) is defined by
Rm(X,Y, Z,W ) := g(R(X,Y )Z,W )
for arbitrary p on M and X,Y, Z and W ∈ TpM . On a Ka¨hler mainfold (M,J, g),
let Πp be a plane of TpM that is invariant under J . It is easy to see that
K(Πp) := Rm(X, JX,X, JX)
where X ∈ Πp and |X | = 1, is independent of the choice of X ([KN69, Chap.
IX.7]). We call K(Πp) the holomorphic sectional curvature by Πp.
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We will assume M and M
′
are of constant holomorphic sectional curvature in
the following, and set
R0(X,Y, Z,W ) : =
1
4
(
g(X,Z)g(Y,W )− g(X,W )g(Y, Z)
+g(X, JZ)g(Y, JW )− g(X, JW )g(Y, JZ)
+2g(X, JY )g(Z, JW )
)
Then, we have
Proposition 2.2. ([KN69, p.167 Prop. 7.3]) Let (M,J, g) be a Ka¨hler manifold
of constant holomorphic sectional curvature c. Then Rm = cR0.
Then we are ready to give the proposition. It is well known to experts, but we
will provide a proof of it since we could not find the suitable literature.
Proposition 2.3. Let (M,J, g) and (M
′
, J
′
, g
′
) be two Ka¨hler manifolds of con-
stant holomorphic sectional curvature c. Then for each p on M , each q on M
′
, and
each I : TpM → TqM ′ with I ◦ J = J ′ ◦ I, there exist neighborhoods U ∋ p, V ∋ q
and a holomorphic isometry ϕ : U → V such that ϕ(p) = q and dϕp = I.
Proof. As above, construct the diffeomorphism ϕ := expp′ ◦I ◦ exp−1p : Br(p) →
Br(q). We verify that ϕ satisfies the condition of Lemma 2.1. Indeed, by Proposi-
tion 2.2, for each geodesic γ : [0, 1]→ Br(p) with γ(0) = p andX,Y, Z,W ∈ Tγ(1)M ,
since Iγ = Pγ′ ◦ I ◦ P−γ , we have
g
′
(
Iγ
(
R(X,Y )Z
)
, Iγ(W )
)
=g
′
(
I ◦ P−γ
(
R(X,Y )Z
)
, I ◦ P−γ(W )
)
(Pγ is a parallel transport.)
=g
(
P−γ
(
R(X,Y )Z
)
, P−γ(W )
)
(I is an isometry)
=g
(
R(X,Y )Z,W
)
(P−γ′ is a parallel transport)
=Rm(X,Y, Z,W )
=cR0(X,Y, Z,W ) (Prop.2.2)(2.1)
By Proposition 2.2 again, we have
g
′
(
R
′(
Iγ(X), Iγ(Y )
)
Iγ(Z), Iγ(W )
)
=Rm
′(
Iγ(X), Iγ(Y ), Iγ(Z), Iγ(W )
)
=cR
′
0(Iγ(X), Iγ(Y ), Iγ(Z), Iγ(W ))(2.2)
On the other hand, the Ka¨hler condition is equivalent to ∇J = 0, which implies
Pγ ◦ J = J ◦ Pγ . Since
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Iγ ◦ J = Pγ′ ◦ I ◦ P−γ ◦ J
= Pγ′ ◦ I ◦ J ◦ P−γ
= Pγ′ ◦ J
′ ◦ I ◦ P−γ
= J
′ ◦ Pγ′ ◦ I ◦ P−γ
= J
′ ◦ Iγ
we have
R0(X,Y, Z,W ) = R
′
0
(
Iγ(X), Iγ(Y ), Iγ(Z), Iγ(W )
)
(2.3)
by the definitions of R0 and R
′
0 and the fact that Iγ preserves both the metric and
the almost complex structure. Combining (2.1), (2.2) and (2.3), we obtain
Iγ
(
R(X,Y ), Z
)
= R
′(
Iγ(X), Iγ(Y )
)(
Iγ(Z)
)
This completes the verification of the condition, so by Lemma 2.1, ϕ is an isometry,
and dϕ = Iγ . In addition, ϕ is holomorphic since dϕ◦J = Iγ ◦J = J ′ ◦Iγ = J ′ ◦dϕ.

Using Lemma 2.1, one can show the following global isometry theorem:
Theorem 2.4. ([CE08, p.41 Theorem 1.37]) Let M and M
′
be complete simply
connected Riemannian manifolds of constant sectional curvature c, dimM =dimM
′
=
n. Then given any p ∈M , p′ ∈M ′ and an isometry I : TpM → Tp′M
′
, there exists
an isometry Φ :M →M ′ such that Φ(p) = p′ and dΦp = I.
The above theorem also has a Ka¨hler version:
Theorem 2.5. ([KN69, p.170 Theorem 7.9]) Let (M,J, g) and (M
′
, J
′
, g
′
) be two
simply-connected complete Ka¨hler manifolds of constant holomorphic sectional cur-
vature c. For each p ∈ M , q ∈ M ′ and each isometry I : TpM → TqM ′ pre-
serving the almost complex structure, there exists a unique holomorphic isometry
ϕ : M → M ′ such that dϕp = I. In particular, Let Nc be a complete simply con-
nected Ka¨hler manifold of constant holomorphic sectional curvature c. Then the
holomorphic isometry group of Nc acts transitively on Nc.
2.2. Developing maps. In this subsection, we review quickly the general theory
of developing map in [Thu14], by which we show the existence of a developing map
on a Ka¨hler manifold of constant holomorphic sectional curvature.
Let X be a connected real analytic manifold, and G a subgroup of the group
consisting of real analytic diffeomorphisms of X , acting transitively on X .
Definition 2.6. ([Thu14, p.139]) A (G,X)-manifold M is a manifold with the
property that for each p ∈M , there exists a neighborhood Ui ∋ p and a diffeomor-
phism φi : Ui → φi(Ui) ⊂ X such that any transition function
γij := φi ◦ φ−1j : φj(Ui ∩ Uj)→ φi(Ui ∩ Uj)
locally agrees with an element of G, i.e. ∀r ∈ φj(Ui ∩ Uj), there is a neighborhood
Ur ∋ r and an element g of G such that φ|Ur = g|Ur .
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Remark 2.7. In the language of sheaves, the chart (Ui, φi) is called a germ. Fixing
two germs (Ui, φi) and (Uj , φj) and a point x0 ∈ Ui∩Uj , we can define an equivalent
relation: (Ui, φi) ∼ (Uj , φj) if there exists a neighborhood V ⊂ Ui ∩ Uj of x0 such
that φi and φj agree on V .
For arbitrary two germs (Ui, φi) and (Uj , φj) (Ui∩Uj 6= ∅), consider the transition
function:
γij = φi ◦ φ−1j : φj(Ui ∩ Uj)→ φi(Ui ∩ Uj).
This naturally induces a locally constant map γ˜ij : φj(Ui ∩Uj)→ G. Then γ˜ij ◦φj
defines a locally constant map from Ui∩Uj to G, which we denote by γij by abusing
the notations. Without loss of generality, we assume that Ui∩Uj is connected. Then
γij : Ui ∩ Uj → G is actually a constant map. Therefore, γij can be viewed as an
element of G. One can easily find that φ˜j := γij ◦ φj agrees with φi on Ui ∩ Uj .
Now we discuss the analytic continuation. Fix a germ (U0, φ0) and a point
x0 ∈ U0. Let π : M˜ → M be the universal cover of M . It is well known that M˜
can be viewed as the space of homotopy classes of paths in M that start at x0. For
an element of M˜ , take a path α representing it. We can choose points
x0 = α(t0), x1 = α(t1), · · · , xn = α(tn)
where t0 = 0 and tn = 1, such that around xi (1 ≤ i ≤ n) there exist germs (Ui, φi)
(1 ≤ i ≤ n) satisfying α|[ti,ti+1] ⊂ Ui for all i. The following picture illustrates the
construction:
α(t0)
α(t1) α(tn−1)
α(tn)
α
Again, without loss of generality, we can assume Ui ∩ Ui+1 is connected. By the
previous discussion, for each 1 < i ≤ n, there exists an element gi in G such that
gi ◦φi, still denoted by φi, agrees with φi−1 on Ui∩Ui−1. Going along α, adjust φi
in this way one by one. This process forms the analytic continuation of φ0 along
α. We use (Uαn , φ
α
0 ) to denote (Un, φn). Then we have
Proposition 2.8. ([Thu14, p.140]) The adjusted germ (Un, φn) at xn = α(1)
depends only on the homotopy class that α belongs to. More precisely, if α and β
are in the same homotopy class, then (Uαn , φ
α
0 ) ∼ (Uβn , φβ0 ) (See Remark 2.7).
By Proposition 2.8, the developing map is well defined:
Definition 2.9. ([Thu14, p.140]) Given a point x0 ∈M , consider a germ (U0, φ0)
where x0 ∈ U0. The developing map of a (G,X)-manifoldM is the mapD : M˜ → X
such that
D = φσ0 ◦ π
in some neighborhood of σ, for every σ in M˜ .
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Before going further, we will clarify two points about the developing map. The
first is the uniqueness of the developing map. More precisely, we have
Proposition 2.10. Let D1 and D2 be two developing maps on a (G,X)-manifold
M . Then there exists a g in G such that D1 = g ◦D2.
Proof. Without loss of generality, fix x0 ∈M with two germs (U0, φ0) and (U0, ψ0)
such that D1|U0 = φ0 and D2|U0 = ψ0 (Here Di|U0 is actually a single-valued
branch of Di on U0). Indeed, one can take (U, φ0) and (V, ψ0), and then take
U0 := U ∩ V . Set g˜ := φ0 ◦ ψ−10 : ψ0(U0)→ φ0(U0). By the definition of a (G,X)-
manifold, there exists a g ∈ G such that g|U0 = g˜. Now for any x ∈M , consider a
path γ connecting x0 and x and cover it successively by U0, U1, · · · , Um such that
D1|Ui = φi and D2|Ui = ψi. Suppose (Ui, φi) and (Ui, ψi) satisfy φi ◦ ψ−1i = g on
ψi(Ui). Since φ
−1
i ◦φi+1 = id = ψ−1i ◦ϕi+1 on Ui ∩Ui+1, φi+1 ◦ψ−1i+1 = φi ◦ψ−1i on
ϕ(Ui∩Ui+1), which implies φi+1 ◦ψ−1i+1 = g on φi+1(Ui+1). Therefore, by induction,
we have D1(x) = g(D2(x)) for any x. Thus, D1 = g ◦D2 on M . 
This will be used in the proof of the uniqueness of the extension of the metric.
The second is called the holonomy (or monodromy) of the developing map. It
is possible that the holonomy contains the information of the geometry near singu-
larities (see Section 1). We begin with a point x0 ∈ M an element α ∈ π1(M,x0).
Consider the initial germ φ0. Then, analytic continuation along a loop representing
α gives another germ φα0 at x0. By the proof of Proposition 2.10, there exists a
unique gα ∈ G such that φα0 = gα ◦ φ0. Thus, by Proposition 2.8, it gives a well-
defined map H : π1(M,x0) → G, assigning α ∈ π1(M,x0) to gα ∈ G. H is called
the holonomy of M . Note that For σ, τ ∈ π1(M,x0),
gσ ◦ gτ ◦ φ0 = gσ ◦ φτ0
(∗)
= φ˜τ0 ◦ φσ0 = gστ ◦ φ0
where φ˜τ0 is an analytic continuation along τ with the initial germ φ
σ
0 and (∗)
is the result of the same argument as the proof in Proposition 2.10. Therefore,
gστ = gσ ◦ gτ , or equivalently, H : π1(M,x0)→ G is a group homomorphism.
We now focus on the case when M is a Ka¨hler manifold of constant holomor-
phic sectional curvature c. Now Nc denotes the complete simply-connected Ka¨hler
manifold of constant holomorphic sectional curvature c, as stated in Theorem 2.5.
Let G be the holomorphic isometry group of Nc.
Lemma 2.11. Let (M,J, g) be a Ka¨hler manifold of constant holomorphic sectional
curvature c, then M is a (G,Nc)-manifold.
Proof. By Proposition 2.3, for each p ∈ M , q ∈ Nc, there exist neighborhoods
Up ∋ p , Vq ∋ q and a holomorphic isometry φp : Up → Vq such that φp(p) = q. It
suffices to verify that {(Up, φp)}p∈M form a chart of a (G,Nc)-manifold. Indeed, if
Up1∩Up2 6= ∅, then ψp1p2 := φp1 ◦φ−1p2 is a holomorphic isometry from φp2(Up1∩Up2)
to φp1(Up1 ∩ Up2) of Nc. Set qi := φpi(pi)(i = 1, 2).
We claim that ψp1p2 agrees locally with an element of G. In fact, for each
r2 ∈ Vq2 , set r1 := ψp1p2(r2). By Theorem 2.5, there exists a holomorphic isometry
Φ defined on the wholeNc such that Φ(r2) = r1 and (dΦ)r2 = (dψp1p2)r2 . Therefore,
Φ = ψp1p2 in a neighborhood of r2. 
To sum up, we have:
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Theorem 2.12. Let (M,J, g) be a (not necessarily complete) Ka¨hler manifold of
constant holomorphic sectional curvature c. Then there exists a holomorphic de-
veloping map f : M˜ → Nc, where M˜ is the universal cover of M . f can also be
viewed as a multivalued holomorphic local isometry from M to Nc. The pull-back
of the Ka¨hler metric on Nc by f is exactly g.
Proof. By Lemma 2.11,M is a (G,Nc)-manifold, so one can construct a developing
map f : M˜ → Nc by Definition 2.9. To show f is holomorphic, one only needs
to note that the projection π : M˜ → M and the analytic continuation φσ0 are
holomorphic. By assigning x ∈ M to f(π−1(x)), f can be naturally viewed as a
multivalued holomorphic map from M to Nc. Finally, since φ
σ
0 is an isometry, f is
a local isometry, and the last assertion also follows immediately. 
Remark 2.13. When proving that the developing map f is holomorphic, the es-
sential part is that the analytic continuation φσ0 is holomorphic, which is actually
showed when we prove that ϕ is holomorphic in Proposition 2.3. Different from
[CWWX15], in which they proved that the developing map is holomorphic by the
fact that an orientation-preserving conformal map from a domain of C to C is holo-
morphic, the proof here only uses the Ka¨hler condition and is more general in the
sense that it does not rely on the dimension any more.
Let (Mc, gc) be the complete and simply-connected Riemannian manifold of con-
stant sectional curvature c. Let G be the isometry group of Mc. Then G acts
transitively on Mc by Theorem 2.4. The same argument can be applied to a Rie-
mannian manifold (M, g) of constant sectional curvature c to show the existence of
the developing map on M to the corresponding space form. More precisely,
Theorem 2.14. Let (M, g) be a Riemannian manifold of constant sectional curva-
ture c. Then there exists a multivalued locally univalent real analytic map f :M →
Mc such that g = f
∗gc.
2.3. Functions of several Complex Variables. Before going to the proofs of
the main results, we need to recall some results in complex analysis. One is Hartogs’
extension theorem. We introduce two different versions here.
Theorem 2.15. ([Hor73, p.30 Theorem 2.3.2]) Let U be an open set of Cn, n > 1,
and let K be a compact subset of U such that U \K is connected. Then for every
holomorphic function f on U \K, f extends holomorphically to U . The extension
is unique.
Theorem 2.16. ([Voi03, p.34 Theorem 1.25]) Let U be an open set of Cn, n > 1,
and f a holomorphic function on V := U \ {z|z1 = z2 = 0}. Then there exists a
unique holomorphic function F on U such that F |V = f .
Remark 2.17. Actually, Theorem 2.15 induces Theorem 2.16. Indeed, for a fixed
(0, 0, w3, · · · , wn) ∈ U , consider f |V , where V = {(z1, z2, w3, · · · , wn) ∈ U ||z1|2 +
|z2|2 6= 0}∩U . Then f |V can be viewed as a holomorphic map on B2r \ {0}(r > 0 is
sufficiently small). Therefore, f |V can extend to a holomorphic map in two variables
z1 and z2 on V˜ = {(z1, z2, w3, · · · , wn)|z1, z2 ∈ C} ∩ U by Theorem 2.15. In this
way, f holomorphically extends to U .
Another is the Weierstrass preparation theorem, which gives the local geom-
etry of the zero sets of holomorphic functions. First we give the definition of a
Weierstrass polynomial.
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Definition 2.18. ([Huy06, p.7 Definition 1.1.5]) A Weierstrass polynomial is a
polynomial in z1 of the form
zd1 + α1(w)z
d−1
1 + · · ·+ αd(w)
where αi(w) are holomorphic functions on some small ball in C
n−1 with αi(0) = 0.
Theorem 2.19. ([Huy06, p.8 Proposition 1.1.6]) Let f : Pǫ(0)→ C be a holomor-
phic function on the polydisc Pǫ(0) := {(z1, · · · , zn)||zi| < ǫi, 1 ≤ i ≤ n}, in which
ǫ = (ǫ1, · · · , ǫn). Assume f(0) = 0 and f0(z1) := f(z1, 0, · · · , 0) 6≡ 0. Then there
exists a unique Weierstrass polynomial g(z1, w) and a holomorphic function h on
some smaller polydisc Pǫ′ (0) ⊂ Pǫ(0) such that f = g · h and h(0) 6= 0.
Corollary 2.20. A holomorphic function f : U → C on an open set U ⊂ Cn does
not have an isolated zero.
3. Proofs of the main results
We need some preparations first. The following lemma about the uniqueness of
the extension is needed:
Lemma 3.1. Let K ⊂ Bn = {(z1, · · · , zn)|
∑n
i=1 |zi|2 < 1} such that Bn \K is a
connected open subset of Bn. Bn \K is endowed with a Ka¨hler metric g of constant
holomorphic sectional curvature c. If there exists an extended Ka¨hler metric g˜ on
Bn, whose holomorphic sectional curvature is c, then g˜ is unique.
Proof. For two metrics g˜1 and g˜2 that extend g and whose curvatures are c, let
D1, D2 : B
n → Nc be the developing maps of g˜1, g˜2, respectively. Fix x0 ∈ Bn \K
and take two germs (U0, φ0) and (U0, ψ0), where x0 ∈ U0 ⊂ Bn \ K , such that
D1|U0 = φ0 and D2|U0 = ψ0. Let f1 and f2 be the developing maps on Bn \ K
generated by (U0, φ0) and (U0, ψ0), respectively. Then by Proposition 2.10, we
get f1 = τ ◦ f2, where τ : Nc → Nc is a holomorphic isometry. In particular,
D1|U0 = τ ◦ D2|U0 . This induces D1 = τ ◦ D2. Therefore, g˜1 = g˜2 since τ is a
holomorphic isometry. This proves the lemma.

The next theorem makes the elliptic case trivial.
Theorem 3.2. ([Iva84, Theorem 1]) Let M be a Stein manifold, U ⊂M a domain
in M , and U˜ the envelope of holomorphy of U ([Hor73, Section 5.4]). If f : U →
CPn is a locally biholomorphic mapping, then there exists a locally biholomorphic
mapping F : U˜ → CPn extending f .
To begin the proof of Theorem 1.1, we prove a useful lemma that will be used to
prove the nondegeneration of the extended developing map in the hyperbolic and
flat cases:
Lemma 3.3. Let Ω be a domain of Cn(n > 1), and f 6≡ 0 is a holomorphic function
with f(z0) = 0 for some z0 ∈ Ω. Suppose that Z := {z ∈ Ω|f(z) = 0} satisfies Ω\Z
is connected. Then Z is not a compact subset of Ω.
Proof. Suppose otherwise Z is compact. Since Ω \ Z is connected, by Hartogs’
Theorem (Theorem 2.15), the holomorphic function 1/f : Ω \ Z → C can be
uniquely holomorphically extended to Ω. Denote the extended function by g. This
contradicts the fact that f(z0) = 0, because h ≡ 1 and f · g are both extensions of
f · 1
f
, but f(z0) · g(z0) = 0 6= 1, contradicting the uniqueness of the extension. 
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We now turn to the proofs of the main theorems:
Proof. (Theorem 1.1) Denote the ball of radius r byBnr := {(z1, · · · , zn)‖
∑n
i=1 |zi|2 <
r}(n ≥ 2). We can find an r ∈ (0, 1) such that K ⊂ Bnr since K is compact. Set
M := Bn \Bnr . We first prove that g|M can extend to Bn.
We claim that the Ka¨hler manifold M has a single-valued developing map f0 :
M → Nc. Actually, by Proposition 2.3, for an arbitrary point x0 in M , we could
choose a germ (U0, φ0) for (M, g|M ) such that x0 ∈ U0 ⊂M . SinceM is simple con-
nected, doing analytical continuation of (U0, φ0) yields a single-valued developing
map f0 of M .
In the elliptic case, by applying Theorem 3.2 to f0 one gets an extension F :
Bn → CPn. Since F is locally biholomorphic, g˜ := F ∗gFS gives the extension of
the metric we desire, where gFS is the Fubini-Study metric.
We now prove the hyperbolic case. Note that the same argument also works
for the flat case without any difficulty. By Theorem 2.15, we can extend f0 to
F : Bn → Cn. Consider the function h : Bn → C defined by h(z) = ∑ni=1 |Fi|2.
We see that h is subharmonic by the following simple computation
∂2|Fi|2
∂zj∂z¯j
=
∂2
(
Fi Fi
)
∂zj∂z¯j
=
∣∣∣∣∂Fi∂zj
∣∣∣∣2 ≥ 0.
Choose r0 such that r < r0 < 1. By the maximum principle, one can see for every
x ∈ Bnr , h(x) ≤ supy∈Bnr0 h(y) < 1. This implies that the extended F has its image
in Bn. Next, We claim that dF is nondegenerate everywhere. In fact, denote the
zero set of det dF by Z. Suppose Z 6= ∅. Since Z ⊂ Bnr is closed and bounded,
Z is compact. However, by Lemma 3.3, Z cannot be compact, a contradiction.
Therefore, Z = ∅, i.e. dF is non-degenerate everywhere on Bn. In conclusion,
g˜ = F ∗gBn defines a metric on B
n that extends g|M , with the curvature −1.
Moreover, the uniqueness of extension is guaranteed by Lemma 3.1. Lemma 3.1
also shows that g = g˜ on Bn \K.

Now we prove the other result. We begin with the following lemma:
Lemma 3.4. Let h : Bn \ {z|z1 = z2 = 0} → C be holomorphic. If h nowhere
vanishes, then so is its analytic continuation H : Bn → C.
Proof. For a fixed w = (0, 0, w3, · · · , wn) ∈ Bn, h|V , where V = {(z1, z2, w3, · · · , wn) ∈
Bn||z1|2 + |z2|2 6= 0}, can be viewed as a holomorphic map in two variables. In
addition, h nowhere vanishes on V by the assumption.
Set V˜ = {(z1, z2, w3, · · · , wn)|z1, z2 ∈ C} ∩ Bn. H |V˜ is the extension of h|V ,
which can also be viewed as a holomorphic map in two variables. Then by Corollary
2.20, H(w) 6= 0, which completes the proof. 
Then we can prove Theorem 1.2:
Proof. (Theorem 1.2) By the same argument as in the proof of Theorem 1.1, it is
proved in the elliptic case.
We then prove the hyperbolic case. Consider the developing map f : M → Bn,
where Bn is the Bergman ball with the metric gBn . Since M is simply connected,
f is a single-valued local isometry, so df is nondegenerate at every point of M ,i.e.
det df 6= 0 at every point of M . In addition, f is holomorphic, so by Hartogs’
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Theorem (Theorem 2.16), it extends to a holomorphic map on Bn, which is still
denoted by f : Bn → Cn. Note that imf is contained in Bn. Applying Lemma
3.4 to det df , one can find that df is nondegenerate everywhere in Bn. Since df
is nondegenerate everywhere, f is an open map. Therefore f : Bn → Bn has its
image in Bn.
To conclude, g˜ = f∗gBn defines a metric on B
n that extends g, with curvature
−1. In addition, the uniqueness is guaranteed by Lemma 3.1.
The same argument also works for the flat case without any difficulty. 
4. Some Prospects
We could get more results about removable singularities for Ka¨hler metrics with
constant holomorphic sectional curvature by using other versions of Hartogs’ ex-
tension theorem. More precisely, let U ⊂ Cn(n > 1) be a domain, K ⊂ U . f :
U \K → C is holomorphic. We have seen whenK is compact orK = {z1 = z2 = 0},
f extends to U . We wonder whether any other conditions can be imposed on K
such that f can extend to U . Referring to the proofs of Theorems 1.1 and 1.2, it is
hopeful to get other forms of removable singularities.
In addition, instead of a manifold of constant sectional curvature (resp. constant
holomorphic sectional curvature), we also expect the existence of the developing
map on a locally Riemannian (resp. Hermitian) symmetric space. This may give us
the consequences similar to the case of constant sectional curvature(resp. constant
holomorphic sectional curvature).
Moreover, recall that in [FSX19], an investigation into the monodromy of the
developing map gives the explicit classified moduli of conformal hyperbolic metrics
near isolated singularities, and Theorem 1.1 and 1.2 shows us the removability of
singularities of codimension 0 or larger than 1, so in the next step, we naturally plan
to use the theory of developing maps to study the codimension-one singularities of
hyperbolic metrics in higher dimension:
Problem: What is the asymptoic behavior of a Ka¨hler metric with constant neg-
ative holomorphic sectional curvature in Bn \ {z1z2 · · · zn = 0}? For example,
−√−1∂∂
(
1 −∑nj=1 |zj |2βj) with 0 < βj 6= 1 is such a Ka¨hler form (metric) in
Bn \ {z1z2 · · · zn = 0} with cone singularities along the divisor {z1z2 · · · zn = 0}.
Finally, we elaborate on the Remark 1.4. Denote the real unit ball by Bn.
For the given sectional curvature c = −1, 0 or 1, we want to construct the single-
valued developing maps f−1, f0 and f1 on B
n \ {0} with image in Bn, Rn and
Sn (see Theorem 2.14) respectively such that their Jacobians are nondegenerate
everywhere but cannot analytically extend to Bn. It suffices to give the expression
of f−1 solely since it induces the other two naturally. We find f−1 : B
n \ {0} →
B
n, x 7→ x2 + ||x||4 e1,where e1 = (1, 0, · · · , 0), meets the requirements. Therefore, if
we set (Mc, gc) (c = −1, 0, 1) as the space form, f∗c gc defines a Riemannian metric
on Bn \ {0} that has an isolated singularity at 0. Also, it is natural to ask whether
we can find a way to classify the singularities.
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